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The Casimir effect as a candidate of dark energy
Jiro Matsumoto∗
Department of Physics, Nagoya University, Nagoya 464-8602, Japan†
It is known that the simply evaluated value of the zero point energy of quantum fields is ex-
tremely deviated from the observed value of dark energy density. In this paper, we consider
whether the Casimir energy, which is the zero point energy brought from boundary condi-
tions, can cause the accelerated expansion of the Universe by using proper renormalization
method and introducing the fermions of finite temperature living in 3 + n + 1 space-time.
We show that the zero temperature Casimir energy and the finite temperature corrections can
explain the current accelerated expansion of the Universe.
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1. Introduction
The discovery of the accelerated expansion of the Universe in late 1990’s1) has brought
many models of dark energy in this ten and several years. Because the modifications of the
Einstein equation are necessary to realize the accelerating expansion when we assume that
the Universe is isotropic and homogeneous. Including the cosmological constant Λ into the
Einstein equation is generally regarded as the most possible model to explain the accelerated
expansion, because of its simplicity. This model, however, has a so-called fine-tuning prob-
lem.2) There are several ways to illustrate this problem, the fine-tuning problem means that
the energy scale of the cosmological constant Λ to explain the acceleration of the Universe is
too small compared to the Planck scale MPl, which is the energy scale of the gravity. There
have been attempts to explain the accelerated expansion of the Universe not by a cosmologi-
cal constant but by dynamical fields without such a fine-tuning. And there are also modified
gravity models to explain such an acceleration. As a matter of fact, fine tunings of the free
parameters are usually included in these models.
On the other hand, there are attempts to derive the observed value of the cosmologi-
cal constant by the zero point energy of the quantum fields.3, 4) However, there would not
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have been persuasive explanations so far. In this paper, the zero point energy generated from
boundary conditions, which is called the Casimir energy, is considered. To be concrete, the
Casimir energy of the graviton and the fermions are considered when space-time has compact
extra dimensions. Similar investigations are seen in the literature written by B. Greene and
J. Levin.5) In the literature, it is shown that the de Sitter universe is realized by introducing
some bosons and some fermions live in extra dimensions. Whereas, there are many literatures
written about the Casimir effect on various space-times without investigating the dynamics of
the Universe. The features of this paper are the concrete derivation of the finite temperature
Casimir effect on R3 × (S 1)n space without approximations, to show the possibility to explain
dark matter by the Casimir effect, and to investigate the case that the extra dimensions are not
static.
In Sect. 2, the finite temperature Casimir effect on R3 × (S 1)n space is calculated. The
dynamics of the Universe when the Casimir effect is included is studied in Sect. 3 with the
results of Sect. 2. The reader not interested in the derivation of the formulas on the Casimir
effect can skip Sect. and start reading from Sect. 3. Concluding remarks are given in Sect. 4.
Units of kB = c = ~ = 1 are used and the gravitational constant 8piG is denoted by κ2 ≡
8pi/MPl2 with the Planck mass of MPl = G−1/2 = 1.2 × 1019GeV.
2. The finite temperature Casimir effect on R3 × (S1)n space
In this section, we will calculate the finite temperature Casimir effect on R3× (S 1)n space.
We use the formulation and results in the literature written by S. Bellucci and A. A. Saharian.6)
The following calculations are the extensions of a part of the results in it6) to use them in the
case of finite temperature. And formulas written in Integrals and Series7) will be used in the
following without provisos.
The energy-momentum tensor of Dirac field on R3 × S n space is given as follows:
〈0|T 00 |0〉 = −
N
2dn
∫ d3 k
(2pi)3
∑
ln∈Zn
ωk,ln , (1)
〈0|T ii |0〉 =
N
2dn
∫ d3 k
(2pi)3
∑
ln∈Zn
k2i
ωk,ln
, (2)
where ωk,ln is defined as
ωk,ln =
√
m2 + k2 +
n+3∑
i=4
(
2pili
d
)2
. (3)
In Eq. (2), T ii does not mean the summation with respect to i and ki ≡ 2pili/d for i ≥ 4. The
common periodic length d are used in Eq. (1) and (2) because the equivalence of each extra
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dimension has been assumed here. We denote the real degrees of freedom of particles by N.
These Eqs. (1), (2) can be shown in the case of scalar field. So we assume Eqs. (1), (2) are
also held in the case of the graviton. The graviton and a sort of fermions are only considered
as the degrees of freedom of particles in the following section.
If we assume neutrinos as the fermions then N = Nν ≡ 2[ 4+n2 ]−1 for each generation of
neutrinos and N = Ng ≡ −(n + 4)(n + 1)/2 for the graviton as the degrees of freedom. Here,
we assume that the neutrinos are Dirac type. The negativeness of the degrees of freedom for
the graviton comes from the difference of statistics.
Then, we find the following relations from Eqs. (1) and (2):
p0 =
1
3
{
(n + 1)ρ0 − m∂ρ0
∂m
+ d∂ρ0
∂d
}
,
pb0 = −ρ0 −
d
n
∂ρ0
∂d , (4)
where ρ0 = 〈0|T 00 |0〉, p0 = −
∑3
i=1〈0|T ii |0〉/3 and pb0 = −
∑n+3
i=4 〈0|T ii |0〉/n, because the signature
of the metric is assumed to be (+,−,−,−,−, · · · ,−). Therefore, we do not need to calculate p0
and pb0, respectively. Calculations of ρ0 will be omitted and we only give the expression for
ρ0 because the expression of ρ0 is given in former researches6, 8, 9) and we will conduct similar
calculations to derive the finite temperature correction to the Casimir effect as follows,
ρ0 = N
(
m
2pi
) 4+n
2 ∑
(l4 ,l5,··· ,ln+3)∈Zn,
(l4,l5,··· ,ln+3),0
K 4+n
2
[
md
√∑3+n
i=4 l2i
]
d 4+n2
√∑3+n
i=4 l2i
4+n
2
. (5)
Here, Kn(z) is the modified Bessel function of the second kind defined by
Kn(z) =
(
z
2
)n
Γ
(
1
2
)
Γ
(
n + 12
)
∫ ∞
1
e−zt(t2 − 1) 2n−12 dt. (6)
In the case of massless particles, Eq. (5) is simplified to
ρ0 = N
Γ
(
4+n
2
)
2pi 4+n2 d4+n
∑
(l4 ,l5,··· ,ln+3)∈Zn,
(l4 ,l5,··· ,ln+3),0

3+n∑
i=4
l2i

− 4+n2
. (7)
By using the Matsubara formalism and the zeta function regularization, we obtain the follow-
ing expression of the free energy:10)
F0 = Eren0 + ∆T F0, (8)
∆T F0 ≡ kBT
∑
J
ln
(
1 ∓ e−βωJ
)
, (9)
where J indicates the eigenvalue of the momentum and Eren0 is the Casimir energy of zero
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temperature. In Eq. (9), the above sign of ∓ is applied to bosons and the below sign of ∓ is
applied to fermions. The expression of Eren0 = Vdnρ0 is given in Eq. (5) so that we consider
the density of ∆T F0:
∆T F0
(Vdn) =
1
dnβ
∫ d3 k
(2pi)3
∑
(l4 ,l5,··· ,ln+3)∈Zn
ln
(
1 ∓ e−β
√
m2+k2+(2pi/d)2 ∑n+3i=4 l2i
)
, (10)
where V is a volume of the three dimensional space. The density of the free energy is not sin-
gular in the expression of Eq. (10). However, it would include the unphysical energy density
when we are confined in the compact geometry. Therefore, we define the density of the free
energy ∆T f0 by subtracting the zero point energy without boundary conditions from Eq. (10)
as defined in the Casimir energy of zero temperature:
∆T f0 = |N|dnβ
∫ d3 k
(2pi)3
∑
(l4 ,l5,··· ,ln+3)∈Zn
ln
(
1 ∓ e−β
√
m2+k2+(2pi/d)2 ∑n+3i=4 l2i
)
− |N|
β
∫ dn+3 k
(2pi)n+3 ln
(
1 ∓ e−β
√
m2+k2
)
= − |N|dnβ
∫ d3k
(2pi)3
∞∑
s=1
(±1)s
s

∑
(l4 ,l5,··· ,ln+3)∈Zn
e−sβ
√
m2+k2+(2pi/d)2 ∑n+3i=4 l2i
− dn
∫ dn k′
(2pi)n e
−sβ
√
m2+k2+k′2
}
= − |N|dnβ
∞∑
s=1
(±1)s
s
n−1∑
j=0
∆ j(s, d, β), (11)
∆ j(s, d, β) ≡ d j
∫ d3+ j k
(2pi)3+ j
∑
(l5+ j ,··· ,ln+3)∈Zn− j−1

∑
l4+ j∈Z
e
−sβ
√
m2+k2+(2pi/d)2 ∑n+3i=4+ j l2i
− d
∫ ∞
−∞
dk j+4
2pi
e
−sβ
√
m2+k2+k2j+4+(2pi/d)2 ∑n+3i=5+ j l2i
 . (12)
Eq. (12) can be transformed into
∆ j(s, d, β) =4sβd j+1
∑
(l5+ j ,··· ,ln+3)∈Zn− j−1
∞∑
u=1

√
m2 + (2pi/d)2 ∑n+3i=5+ j l2i
2pi

5+ j
2
×
K j+5
2
[√
m2 + (2pi/d)2 ∑n+3i=5+ j l2i √s2β2 + u2d2
]
[ √
s2β2 + u2d2
] j+5
2
. (13)
The derivation of Eq. (13) is written down in Appendix . Substituting Eq. (13) into Eq. (11),
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we obtain
∆T f0 = − 4|N|d j−n+1
∞∑
s=1
(±1)s
n−1∑
j=0
∑
(l5+ j,··· ,ln+3)∈Zn− j−1
∞∑
u=1

√
m2 + (2pi/d)2 ∑n+3i=5+ j l2i
2pi

5+ j
2
×
K 5+ j
2
[√
m2 + (2pi/d)2 ∑n+3i=5+ j l2i √s2β2 + u2d2
]
[ √
s2β2 + u2d2
] 5+ j
2
. (14)
Eq. (14) can be rewritten in more simple form as:
∆T f0 = −2|N|m
4+n
(2pi) 4+n2
∞∑
s=1
(±1)s
∑
(l4 ,··· ,ln+3)∈Zn
K 4+n
2
[
m
√
β2s2 + d2 ∑3+ni=4 l2i
]
m
4+n
2
√
β2s2 + d2 ∑3+ni=4 l2i 4+n2
. (15)
The way of this transformation is identical with that in the appendix of S. Bellucci and
A. A. Saharian.6) To explain the way of the transformation briefly, making ∆ j(s, β, d) from
Eq. (15) and comparing it to Eq. (13) gives the equivalence of Eqs. (14) and (15). From
Eqs. (5) and (15), we obtain the finite temperature Casimir energy density ρcasimir by consid-
ering the definition of the free energy as
ρcasimir = −
∂
∂β

β
|N|m4+n
(2pi) 4+n2
∑
s∈Z,
(l4 ,··· ,ln+3)∈Zn,
(s,l4,··· ,ln+3),0
(1 − 2δs0)α(−1)αs
K 4+n
2
[
m
√
β2s2 + d2 ∑3+ni=4 l2i
]
m
4+n
2
√
β2s2 + d2 ∑3+ni=4 l2i 4+n2

, (16)
where the notation (−1)α = 1 for bosons and (−1)α = −1 for fermions is used.
3. Cosmic acceleration caused by the Casimir effect
In this section, we apply the result in the last section to the space-time of the expand-
ing universe. We, then, have to care about the time-varying metric and the existence of the
baryons and the photons, which do not propagate into the extra dimensions. However, we
can neglect such properties and apply the result by replacing the periodic length d and the
thermodynamic beta β with d(t) and β(t), respectively. Because the time-varying scale of the
Universe H(t) ∼ 10−33eV is much less than the energy scale of dark energy ∼ 10−3eV, which
is brought by the Casimir effect. And the energy density of the baryons and the photons are
also small compared to that of dark energy and dark matter. Therefore, the inhomogeneity for
the direction of the extra dimension would be negligible when we consider the Casimir effect
as a root of dark matter and dark energy.
5/14
J. Phys. Soc. Jpn. DRAFT
3.1 Friedmann-Lemaitre equations
First, we assume Friedmann-Lemaitre-Robertson-Walker (FLRW) metric of the flat
space,
ds2 = −dt2 + a2(t)δi jdxidx j + b2(t)δ♦♥dx♦dx♥, (17)
where i, j = 1, 2, 3 and ♦,♥ = 4, 5, · · · , n+ 3. And µ, ν = 0, 1, 2, · · · , n+ 3 will be used. Then,
we can write down Friedmann-Lemaitre (FL) equations as follows:
3H2 + 3nHHb +
1
2
n(n − 1)H2b = κ2dn0ρ, (18)
−3H2 − 2 ˙H − 2nHHb −
1
2
n(n + 1)H2b − n ˙Hb = κ2dn0 p, (19)
−6H2 − 3 ˙H + 3(1 − n)HHb − 12n(n − 1)H
2
b + (1 − n) ˙Hb = κ2dn0 pb. (20)
Here, d(t) = d0b(t) is the periodic length of the compact dimensions and d0 is the current
value of it. The Hubble rate of the three dimensions is defined by H(t) ≡ a˙(t)/a(t) and the
expansion rate of extra dimensions is defined by Hb(t) ≡ ˙b(t)/b(t). ρ, p and pb are defined
as ρ = −T 00 , p = T ii/3 and pb = T ♦♦/n, respectively. By eliminating the terms ˙H(t) and H2(t)
from Eq. (20), the equation of motion for the size of extra dimensions is derived:
1
a3bn
d
dt
(
a3bnHb
)
=
κ2
n + 2
dn0(ρ + 2pb − 3p). (21)
On the other hand, we obtain the equation of continuity ∇µT µ0 = 0 in the following form,
ρ˙ + 3H(ρ + p) + nHb(ρ + pb) = 0. (22)
The Casimir energy density, pressure and the pressure in the extra dimensions of zero temper-
ature are given by Eqs. (4) and (5). Substituting Eq. (5) into Eq. (4) for p0 yields the relation
p0 = −ρ0, correctly. Whereas, from the definition of the free energy, we obtain the following
expressions of the total pressures:
pcasimir =
|N|m4+n
(2pi) 4+n2
∑
s∈Z,
(l4 ,··· ,ln+3)∈Zn,
(s,l4 ,··· ,ln+3),0
(1 − 2δs0)α(−1)αs
K 4+n
2
[
m
√
β2s2 + d2 ∑3+ni=4 l2i
]
m
4+n
2
√
β2s2 + d2 ∑3+ni=4 l2i 4+n2
, (23)
pb,casimir =
∂
∂dn

dn |N|m
4+n
(2pi) 4+n2
∑
s∈Z,
(l4 ,··· ,ln+3)∈Zn,
(s,l4,··· ,ln+3),0
(1 − 2δs0)α(−1)αs
K 4+n
2
[
m
√
β2s2 + d2 ∑3+ni=4 l2i
]
m
4+n
2
√
β2s2 + d2 ∑3+ni=4 l2i 4+n2

. (24)
These Eqs. (23) and (24) are consistent with equations in (4).
Next question is the a(t) and b(t) dependence of the temperature. From the definition of
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the free energy, we have the entropy:
S casimir ∝ −
∂(ρcasimira3bn)
∂T
∝ a3bnβ2∂
2(β∆T f0)
∂β2
. (25)
The adiabatic expansion of the Universe implies,
dS casimir = 0. (26)
The condition (26) is equivalent to the equation of continuity (22). Thus, if the term propor-
tional to β−4−n(t) is a dominant component of ∆T f0, then we have,
β(t) ∝ a 33+n (t)b n3+n (t). (27)
The entropy conservation for the photon and the particles which cause the Casimir effect
induce the following relation between the current background temperature of its particles T0
and that of the photon Tγ0 as:
T0 =
(
2
Ndec
) 1
3
(
a0bdec
b0adec
) n
3+n
Tγ0, (28)
where Tγ0 = 2.725K, Ndec is the number of particle types with an extra factor of 7/8 for
fermions in equilibrium with the photon at the time of decoupling. We have only considered
the leading terms of the entropy, therefore there appear correction terms. We can find that T0
of this case can be larger than 2.725K if a0/adec > b0/bdec. It is necessary to be careful to the
fact that the temperature given in Eq. (28) is not the temperature of three dimensional spaces
but the effective temperature of 3 + n dimensional spaces.
3.2 Expansion history of the Universe
There are two scenarios to explain the current accelerating expansion of the Universe in
this model. The first one is ˙b(t) = 0 and the second one is ˙b(t) < 0.
By expanding the expression in Eq. (16), we can see that there are terms proportional to
b−n−4(t) and β−n−4(t), which are dominant terms in Eq. (16). The former one comes from the
zero temperature Casimir energy, and the latter one is a contribution from the finite temper-
ature corrections. In the case of ˙b(t) = 0, the terms proportional to b−n−4(t) behave as dark
energy because they are just like a cosmological constant. If the term proportional to β−4−n(t)
is a dominant component of ∆T f0, then Eq. (27) is satisfied. Therefore, the terms proportional
to β−4−n(t), then, behave as dark matter. In the following, We investigate whether or not this
scenario is realized in the case of n = 1. The Casimir energy density is given as:
ρcasimir = −
1
4pi2
∑
s,l4∈Z,(s,l4),(0,0)
∂
∂β
152
β
(s2β2 + l24d2)
5
2
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+
Nψ
2
β(1 − 2δs0)(−1)s m
2e−m
√
s2β2+l24d2
(s2β2 + l24d2)
3
2
×
1 +
3
m
√
s2β2 + l24d2
+
3
m2
(
s2β2 + l24d2
)

 . (29)
The first line of Eq. (29) are contributions from the graviton, and the second line and the third
line of Eq. (29) are contributions from the massive fermions, respectively. The leading terms
of the energy density are given by
ρcasimir ∼ −
15
8pi2
(
1
d5 −
4
β5
)
+
Nψ
8pi2
{
e−md
(
3
d5 +
3m
d4 +
m2
d3
)
− e−mβ
(
12
β5
+
12m
β4
+
5m2
β3
+
m3
β2
)}
. (30)
At the same time, the balancing condition, ρ + 2pb − 3p, is rewritten by
ρ + 2pb − 3p ∼ −
15
8pi2
(
12
d5 −
3
β5
)
+
Nψ
8pi2
{
e−md
(
36
d5 +
36m
d4 +
14m2
d3 +
2m3
d2
)
− e−mβ
(
9
β5
+
9m
β4
+
4m2
β3
+
m3
β2
)}
. (31)
We find that if d ≫ β then ρ + 2pb − 3p can be zero when ρcasimir > 0, else if d ≪ β then
ρ + 2pb − 3p can be zero when ρcasimir < 0 by combining Eqs. (30) and (31). Therefore, the
Casimir energy from the graviton and a sort of fermions cannot be a candidate of dark energy
if the finite temperature corrections are negligible. Even if a sort of bosons are introduced
instead of fermions, conditions ρcasimir > 0 and ˙b(t) = 0 cannot be satisfied. Because of this
condition, several kinds of new particles are introduced to realize the de Sitter universe by the
zero temperature Casimir effect in.5) On the other hand, if we consider the finite temperature
effect then the conditions ˙b(t) ≈ 0 and ρcasimir > 0 can be realized by introducing a sort of
fermions and choosing the appropriate values for parameters. Moreover, this finite tempera-
ture corrections can be a candidate of dark matter. We need to be careful that the condition
˙b(t) = 0 is not exactly satisfied, because β(t) depends on a(t).
Next, let us consider the case of ˙b(t) < 0. The terms proportional to b−n−4(t), then, con-
tribute to dark energy because the absolute value of them grows with time evolution. In the
case of usual 3 + 1 dimensional universe, such a growth of the energy density is realized by
phantom, which is a fluid satisfies p/ρ = w < −1. There are the other contributions for dark
energy in the case of ˙b(t) < 0. The usual 3 + 1 dimensional Friedmann equations do not
contain the terms proportional to Hb or ˙Hb in Eqs. (18) and (19). So these terms are treated
as dark matter and dark energy. In particular, 3nHHb in Eq. (18) and −2nHHb in Eq. (19) can
8/14
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Figure 1. The solid line indicate the time evolution of the scale factor in this model, and the time evolutions
of the scale factor in the ΛCDM model are expressed as the broken lines. The parameters of the model are fixed
as n = 1, d0 = 60 µm, T0 = 17 K, and H0 = 74 km s−1 Mpc−1. Then, the relation Hb0 ≈ −1.87H0 is derived
from Eq. (18). The scale factors a(t) and b(t) are normalized as a0 = b0 = 1.
be looked upon dark energy, because w = −2/3 < −1/3.
In the following, we utilize numerical calculations for the analysis of the expansion his-
tory of the Universe. The equations adopted for numerical calculations are Eq. (18), Eq. (22)
and the equation,
1
a3bn
d
dt
(
a3bnH
)
=
κ2
n + 2
dn0 {ρ + (n − 1)p − npb} , (32)
which is obtained from Eqs. (18)-(20). It is necessary to be careful that there are two solutions
in the case of n , 1 because Eq. (18) has two algebraic solutions for Hb.
An example is shown in Fig. 1. The horizontal axis represents the time t when the cur-
rent value of it is zero, and the vertical axis represents the scale farctor a(t). This figure is
plotted by considering only the Casimir effect from the graviton of finite temperature without
introducing the fermions which can go through the extra dimensions. The left figure of Fig. 1
indicates that the expansion history of the Universe similar to that of the ΛCDM model can
be realized. On the other hand, the right figure of Fig. 1 expresses the future evolution of
the scale factor. It indicates that a phantom-like extreme expansion of the Universe will be
occur rather than the exponential expansion. The case of n = 1 is considered in the above,
whereas, we can also describe a ΛCDM-like evolution of the Universe in the higher dimen-
sional model. The value of the parameters, d0 and T0, however, are changed as d0 = 90 µm,
T0 = 15 K in the case of n = 2, d0 = 115 µm, T0 = 14 K in the case of n = 3, and so on.
Such a tendency that the periodic length becomes longer and the temperature falls down, is
come from the increment of l summations in Eqs. (16), (23) and (24) with the augmentation
of the dimension, to keep the total amount of the energy density and the pressures steady. In
9/14
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Figure 2. The dependence of the time evolution of the scale factor on the value of the parameter d0 or T0.
Fig. 2, the behaviors of the scale factor a(t) are described when the current periodic length of
the extra dimension d0 or the current temperature of the background graviton T0 is changed.
There are a little difference in the behavior of the scale factor for the change of d0 or T0.
4. Conclusions
It has been investigated whether or not the Casimir effect from a sort of fermions and
the graviton can explain dark energy if they are the only particles which can go through the
compact extra dimensions. In Sect. 2, the finite temperature Casimir effect has been calculated
on R3 × (S 1)n space. In Sect. 3, the result obtained in Sect. 2 are applied to the Friedmann
universe, and the expansion history of the Universe has been investigated by using a case
analysis when the Casimir energy behaves as dark energy. The first case is that the extra
dimensions are stabilized and the accelerated expansion like a de Sitter universe is realized. In
the second case, the contraction of the extra dimensions, which is equivalent to Hb < 0, plays
the role of dark energy and dark matter effectively. The first case had been investigated in5)
when the finite temperature effect is negligible. It is, however, found that the finite temperature
corrections can simplify the configurations of the model and can be a candidate of dark matter.
The numerical calculations have been carried out in the second case. As a result, it has been
shown that the almost same expansion history of the Universe compared to the ΛCDM model
can be realized by the finite temperature Casimir effect of the graviton without introducing
fermions which can go through the extra dimensions. The feature of this model is that the
current expansion can be described only by several physical parameters without introducing
new fields. In the case of n = 1, the values of the parameters are determined as d0 = 60 µm
and T0 = 17 K.
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Appendix:
∆ j(s, d, β) defined in Eq. (12) can be arranged by using the Abel-Plana formula,
∞∑
n=0
F (n) −
∫ ∞
0
dtF(t) = 1
2
F(0) + i
∫ ∞
0
dt
e2pit − 1 [F(it) − F(−it)] , (A·1)
as follows,
∆ j(s, d, β) =d j
∫ d3+ j k
(2pi)3+ j
∑
(l5+ j ,··· ,ln+3)∈Zn− j−1
2d
pi
√√
m2 + k2 +
(
2pi
d
)2 n+3∑
i=5+ j
l2i
×
∫ ∞
1
dt
e
td
√
m2+k2+(2pi/d)2 ∑n+3i=5+ j l2i − 1
× sin
sβ
√√
m2 + k2 +
(
2pi
d
)2 n+3∑
i=5+ j
l2i
√
t2 − 1
 , (A·2)
where the formula,
G(α)A (it) −G(α)A (−it) = 2ieα ln(t
2−A2) sin[piα]θ(t − A),
G(α)A (z) ≡ exp[α ln(A2 + z2)], (A·3)
has been used for A = d2pi
√
m2 + k2 + (2pi/d)2 ∑n+3i=5+ j l2i . The factor 1/(ex−1) is expanded with
respect to e−x as follows to integrate with respect to k and t:
∆ j(s, d, β) =d j
∫ d3+ j k
(2pi)3+ j
∑
(l5+ j ,··· ,ln+3)∈Zn− j−1
2d
pi
√√
m2 + k2 +
(
2pi
d
)2 n+3∑
i=5+ j
l2i
×
∫ ∞
1
dt
∞∑
u=1
e
−utd
√
m2+k2+(2pi/d)2 ∑n+3i=5+ j l2i
× sin
sβ
√√
m2 + k2 +
(
2pi
d
)2 n+3∑
i=5+ j
l2i
√
t2 − 1
 . (A·4)
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Furthermore, the expansion of sinusoidal function with respect to its argument enables us to
examine t integration:
∆ j(s, d, β) = − d j
∫ d3+ j k
(2pi)3+ j
∑
(l5+ j ,··· ,ln+3)∈Zn− j−1
∞∑
u=1
∞∑
v=1
× 2d
pi3/2 sβ
(
−2s
2β2
ud
)v
Γ(v + 1/2)
(2v − 1)!
m2 + k2 +
(
2pi
d
)2 n+3∑
i=5+ j
l2i

v
2
× Kv
ud
√√
m2 + k2 +
(
2pi
d
)2 n+3∑
i=5+ j
l2i
 , (A·5)
where Kν(z) is the function called the modified Bessel function or Macdonald function de-
fined in Eq. (6). By transforming the Cartesian coordinate into the spherical coordinate in k
integration gives,
∆ j(s, d, β) = − d j
∑
(l5+ j ,··· ,ln+3)∈Zn− j−1
∞∑
u=1
∞∑
v=1
2d
pi3/2sβ

√
m2 + (2pi/d)2 ∑n+3i=5+ j l2i
2piud

3+ j
2
×
(
−2s
2β2
ud
)v
Γ(v + 1/2)
(2v − 1)!
m2 +
(
2pi
d
)2 n+3∑
i=5+ j
l2i

v
2
× K
v+
j+3
2
ud
√√
m2 +
(
2pi
d
)2 n+3∑
i=5+ j
l2i

= − d j
∑
(l5+ j ,··· ,ln+3)∈Zn− j−1
∞∑
u=1
2d
pi3/2sβ

√
m2 + (2pi/d)2 ∑n+3i=5+ j l2i
2piud

3+ j
2
× ∂
∂ ln s
∞∑
v=1
pi
1
2 (ud) j+32 1
v!
(
s2β2
)v m2 +
(
2pi
d
)2 n+3∑
i=5+ j
l2i

v
2+
j+3
4
× d
v
dvζ
{
ζ−
j+3
4 K j+3
2
(ζ 12 )
} ∣∣∣∣∣
ζ=u2d2
{
m2+( 2pid )2 ∑n+3i=5+ j l2i
}
=d j
∑
(l5+ j,··· ,ln+3)∈Zn− j−1
∞∑
u=1
2d
pi3/2sβ

√
m2 + (2pi/d)2 ∑n+3i=5+ j l2i
2piud

3+ j
2
× pi 12 (ud) j+32
m2 +
(
2pi
d
)2 n+3∑
i=5+ j
l2i

j+3
4
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× ∂
∂ ln s

K j+3
2
[√
m2 + (2pi/d)2 ∑n+3i=5+ j l2i √s2β2 + u2d2
]
[√
m2 + (2pi/d)2 ∑n+3i=5+ j l2i √s2β2 + u2d2
] j+3
2

=4sβd j+1
∑
(l5+ j ,··· ,ln+3)∈Zn− j−1
∞∑
u=1

√
m2 + (2pi/d)2 ∑n+3i=5+ j l2i
2pi

5+ j
2
×
K j+5
2
[√
m2 + (2pi/d)2 ∑n+3i=5+ j l2i √s2β2 + u2d2
]
[ √
s2β2 + u2d2
] j+5
2
. (A·6)
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